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THE ¢-SELBERG POLYNOMIALS FOR n =2

KEVIN W. J. KADELL

ABSTRACT. We have conjectured that Selberg’s integral has a plethora of
extensions involving the Selberg polynomials and proved that these are the
Schur functions for k = 1. We prove this conjecture for n = 2 and show that
the polynomials are, in a formal sense, Jacobi polynomials. We conjecture an
orthogonality relation for the Selberg polynomials which combines orthogo-
nality relations for the Schur functions and Jacobi polynomials. We extend a
basic Schur function identity.

We give a g-analogue of the Selberg polynomials for n = 2 using the little
g-Jacobi polynomials.

1. Introduction and summary. Fix n > 2, k£ > 0. We conjecture [12]
that for each partition A = (A1, A2,...,An), A1 2> A2 > -+ > X, > 0, there is

a homogeneous symmetric polynomial s% ,(t) = sk ,(t1,...,t,) with leading term
[T, tN such that
1 LI
T— -
/ / [Tt 00 -t)@ sk ,@0) [ (6—t)dts--dtn
0 Y =1

1<i<ji<n

(1.1)

) " T(z + (n — i)k + A\)T(y + (n — 0)k)
_n'f,,’f’A“l;Il I\(z+y+(2n—-z—-1)k+/\z) )

where, as holds throughout, Re(z) > 0, Re(y) > 0,

(1.2) fia= II v= 2 +kG =)
1<i<y<n
and
(1.3) (@o=1, (a)m= I:I (a+71), m > 1.
i=0

We call sfw\(t) the Selberg polynomials since the case A = (0,...,0) is Selberg’s
integral [15]. We need only determine them for )A,, = 0 since we may set

(1.4) sﬁ,(,\l,.“,,\,.)(t) =(t1-- tn)’\"sﬁ,(,\l-,\,.,...,,\,._,—A",o) (t).
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536 K. W. J. KADELL

It is clear that for £ = 0 the Selberg polynomials are the monomial symmetric
functions. To compute fg' > €Xpress f,’f, s (1.2) in terms of gamma functions and
take the limit as k tends to 0. In [12], we showed that for k =1

_det |67 N ap

1.5 st (t :
(1.5) aa(t) Gt 17T e

the Selberg polynomials are Schur functions. We conjectured that there are g-
Selberg polynomials which satisfy a g-analogue of (1.1) and obtained some g-
analogues of (1.5). Aomoto [2] has shown that

(1.6) sk my(t) = > ti, i,

154 <1< <im<n

where (1™) denotes the partition A\; =--- =X, =1, App41 = -+ = A, = 0. Thus
the Selberg polynomials include the elementary symmetric functions for all k > 0.
Kadell [13] extends Aomoto’s argument to give a g-analogue of (1.6). Habsieger [9]
treats the case m = 0 by extending Selberg’s proof.

Our main result is

THEOREM 1. Fork > 1,

A

(1.7) 3’5,(,\’0) (s,t) = Z %sit'\_i.
i=0 t

Aomoto [2] uses (1.6) to give an integral representation of the Jacobi polynomials
(see Szego (17, (4.21.2)])

(1.8) z&”W)=§:bm”m$;jy_U%ﬂ

These are orthogonal on (0, 1) with respect to the beta distribution

1=0

1
- - T(z)T'(y)

1.9 /tul)l—twlhﬁ=—————,

(1.9) A (1-¢) Tz +y)

which is the case n = 1 of Selberg’s integral. (1.7) then becomes

(1.10) s5o(st) =0 T 60, k2L

We have

sg,(,\,o)(s,t) =t + s’\x(/\ > 0)
(1'11) — t)‘ lim pf\l—)\+€’2e)(s/t),
€—0

where x(A) is 1 or 0 according to whether A is true or false. Thus, for n = 2 the
Selberg polynomials are, in a formal sense, Jacobi polynomials.

In §2, we obtain a difference equation for the Selberg polynomials when n =
2. We express the orthogonality of the Jacobi polynomials as a rational function
identity. In §3, we use this to prove Theorem 1.

In §4, we interpret this orthogonality as a constant term identity. We conjec-
ture an orthogonality relation which combines orthogonality relations for the Schur
functions and Jacobi polynomials.
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In §5, we extend the well-known Schur function identity (see Stanley [16])

L | 1
(1.12) L) =[] —— _r
;3 A £[l(l—t~ I1 11— tit;)

i) 1<i<j<n

In §6, we recall a g-analogue of the beta integral (1.9) and the orthogonal polyno-
mials for this measure. These are called the little g-Jacobi polynomials. We obtain
a g-difference equation for the ¢-Selberg polynomials when n = 2.

In §7, we use the orthogonality of the little g-Jacobi polynomials to prove a g-
analogue of Theorem 1 (1.7). This shows that for n = 2 the g-Selberg polynomials
are, in a formal sense, little g-Jacobi polynomials.

There are many measures dF'(t) which provide g-analogues of the beta integral
(1.9) and for which there is a conjectured g-analogue of Selberg’s integral. See Askey
[4] and Rahman [14]. In [12], we were able to treat the case k = 1 by a method
which seems to work for many of these measures. It is related to the polynomials
{P,(t)|n > 0} which are orthogonal with respect to dF(t). In §8, we suggest that
Theorem 1 (1.7) can be extended using the orthogonality of {Py,(t)|n > 0}.

2. A difference equation. The basic technique for finding relations among
the Selberg polynomials is to multiply a potential relation by

n
(2.1) Wh(z,y,k) = H tgz—l)(l — )1 H (t; — tJ)zk
i=1 1<i<j<n

and integrate. This gives a relation among gamma functions for which, hopefully,
we may determine the coefficients. Set s = t;, t = t2. By (1.1), we have

/ / 23';*(',\ 0)(3, OWa(z,y, k) dsdt

F(z+k+ 2+ 1T (y)T(y+k+1)
(z+y+k+ ) (z+y+2k+21+2)

(2.2)

=2A+k+ )(k+1)r

t)zs’;ﬂ 0)(8,t) as a linear combination of Selberg polyno-

mials corresponding to the exponent k. The leading term t**2 is the same as that
of s’2°_(,\+2’0)(s,t). By (1.1), we have

We want to express (s —

1,1
/0/3’2“(,\+2,0)(s,t)W2(z,y,k)dsdt

(2.3)
F@)T(z+k+ A+ 2)I(y)(y + k)
('\+k+2)'°1“( +y+k(c+y+2k+r+2)
Hence
/ / [32 (A+2, 0) s,t)—(s— )23’;*('; 0)( )] Wa(z,y,k)dsdt
_ F)F(z+k+ A+ 1)T(y)T(y+k)
(2.4) "2(’\+k+2)"1‘(z+y+k+1)F(z+y+2k+,\+2)

Jz+k+r+1)(z+y+k)—(A+k+1)(y+k)
_ Fz+1)l'(z+k+ A+ 1Y) (y +k)
A LRELS ¥ oy sy P Ty wr £
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But, (1.1) gives

1,1
/ / stsgy(,\’o)(s, t)Wso(z,y, k) dsdt
o Jo

e+ 1) (z+k+ A+ 1)T(y)T(y + k)
Fz+y+k+1)T(z+y+2k+Ar+1)

(2.5)
=20\ + k)i

Comparing (2.4) and (2.5), we have

[ [ienon(s:0 = (s~ 02658 5.0 Wate s Ry o

(A + 2k),
- (/\+Ic //3t32(A0)(3 t)Wa(z,y, k) dsdt.

Equating integrands and rearranging gives

(2.6)

(A + 2k)2stss (5 )(5,1)

2.7
27 =(A+k)2 [3’5,(,\+2,o)(3’t) —(s-— t)zslzc-:; 0 (8 t)] .

We wish to interpret sg,(,\'o)(s, t) as a Jacobi polynomial via (1.10) and relate

(2.7) to the orthogonality. Divide both sides of (2.7) by (A + 2k)2st**! and replace
s/t by t. Using (1.10), (2.7) becomes

(1-A—k2k)py _ A+ k)2 1 (C1-x—k2k)
p)« (t) (/\+2k)2tp)\+2 ()

_ ((/\)‘:212)22%(1 £)2p{-A—kk+D) ()

(2.8)

The orthogonality of the Jacobi polynomials (1.8) is given by

1
(2.9) / tmpEY (e V(1 - ) Vdt=0, 0<m<n
0
Set
n
(2.10) plEv(t) = cle¥) (i)t

The coefficients
—n)i(n+z+y—1)
1,'(.’12),

are uniquely determined by the orthogonality (2.9) and the normalization

(2.11) =Y (1) = (

(2.12) @Y (0) = 1.
Using the well-known functional equation

(2.13) I(z+1) = zT'(z),
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we have
1
| e o= - o a
n 1
=3 e (i) / letmti=1) (1 _ )(u=1) gy
i=0 Y
(2.14)

_ = o297 T(z+m+19)T(y)
E . -
I‘:c+y+m+z)

I‘ (z+m)l =) (7 .
I‘(a:+y+m+n) Ec( V(@) (@ +m)i(z +y+m+i)n
Thus, the orthogonality (2.9) becomes
n
(2.15) Zcﬁf'y)( (z+m)i(z+y+m+1i)p_i=0, 0<m<n.
1=0

Substituting (2.11) into (2.15), we see that both sides of (2.15) are rational functions
of z and y. Thus, (2.15) holds for all complex z and y.

3. A proof of Theorem 1. We have shown that if two of the three Selberg
polynomials appearing in (2.7) satisfy (1.1), then so does the third. To prove Theo-
rem 1, we may show that (1.7) satisfies (2.7) and, since only one of the polynomials
in (2.7) involves the exponent k + 1, we may use induction k. We use (2.8) rather
than (2.7).

Observe that (1.5) gives

d s/\-f-l t/\+1
et
1 1 /\+1 — tz\+1
(31)  shog(st)= - =L = Zst" ‘
det 1 1’ i=0

Thus (1.7) holds for k = 1.

We now show that for £ > 1, the right side of (2.8) is a polynomial of degree at
most A which satisfies the orthogonality (2.15) with
(3.2) z=1-A—k, y=2k, n=2J

and the normalization (2.12). Let a be an integer with Re(z +a) > 0 and b be a
nonnegative integer. Then

1
(3.3) / t™ (2 (1 — t)pEtavtt) (1))t E-(1 — )" Vdt =0, 0<m<n.
0

Set
a+b+n

(3.4) £(1 — £)bp{Etevto) (1) Z Ay ()E

The orthogonality (3.3) becomes

a+b+n
(3.5) Z dﬁ:’ﬁ?b) )(2+m+a)(i—a) (Z+Y+M+1) (n4atv—i) =0, 0<m<n.

1=a
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Setting
(3.6) z=1-XA—k, y=2k, n=X a=-1, b=2,
in (3.5), we have
DRk
3.7) D dS TN @) (A — b+ m)aen (L= A+ k+m+1) - =0,
i=—1
0<m<A.
Using
(3.8) z=-A—-k, y=2k, n=x+2, a=-1, b=0,
we obtain
sk
(39) Y dS BN (—1 = A —k+m) oy (“A+k+m+i)ap1-g =0,
i=—1
0<m<A+2.

If we replace m by m + 1 in (3.9), we obtain an orthogonality with the same
coefficients as in (3.7) which is valid for —1 <m < A + 1. Let

A+1
(3.10) right side of (2.8) = Z e(d)t'.
1=—1
Then we have
A+1
(3.11) Y e(@)(-A—k+m)apn(l-A+k+m+d)og-y =0, 0<m<A
i=—1
Using
(3.12) (@)i = (-1)'(1 =7 —a)s,
we have, for k > 1,
(M a—ilk)a—s  _  (=Mak)y (A+A—2)i(1 -k —1)
(3.13) A=D1 =A=k)x—i AMI=-XA=k)x (=29)ilk+Ar—1);
. __(=N(k)
1 —k—=X);
Thus the polynomials defined by (1.7) are symmetric in s and t. We have
(3.14) e(i) = e(A — 1), -1<1<A+1,

e(-1)=e(A+1)=0.
By (3.14), the sum in (3.11) may be taken with 7 running from 0 to A. Dividing by
(=X — k+ m)(1 + k + m), we obtain

A
(3.15) Y e(®)(1-A—k+ml(l1-A+k+m+i)n_y=0, 0<m<A
1=0
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Thus the right side of (2.8) is a polynomial of degree at most A which satisfies the
orthogonality relation (2.15) with the parameters given by (3.2). By (2.15), the left
side of (2.8) also satisfies (3.15). A simple computation

A+k)z [ A+2k  Ak+1)
A +2k)2 [(1+A+k) (A +k)

gives the normalization (2.12).

To complete the proof of Theorem 1, we must show that the system of equa-
tions (3.15) and the normalization (3.16) uniquely determine pf\l—)‘—k’%) (t). Since
the parameters (3.2) do not correspond to an integrable measure, we cannot rely
on the usual argument. We evaluate the determinant of the coefficient matrix.

Substituting (2.12) into (2.15) gives a system of equations with coefficient matrix

(3.16) e(0) = +2| =1

(317) C7(l:t,y) = |(:z: + Z)J(Z +y+ ) +j)"_j|OSi<n, 1<j<n

For 1 < s < mn, set

(z,y) - (2.9)(y 5
(3.18) Crvs “n.s (z’])|05i<n, 1<5<n’
where
(3.19)

@) (3, §) = { (z+19)j(z+y+i+j+n—8)s—y, 0<i<n, 1<j<s,
n,s \&J (z+i)j, 0<i1<n, 8s<j<n
Then we have
(3.20) clEY) = C,(ff,’,y)-
Observe that

(z+9)j(z+y+i+i+n—s)s;
(3.21) —(z+i),~+1(z+y+i+j+n—s+1)8_]-_1

=(y+n-s)z+i)jz+y+i+j+n—s+1) ;1.

Using (3.21), we may subtract column j +1 from column j and divide by (y+n—s)
where j runs from 1 to s — 1. This gives

(3.22) det(CEY) = (y+n— ) Vdet(CEY)), 2<s<n.
Observe that
(3.23) oY

mi =& +9jlocicn, 1<i<n

does not depend on y. To obtain the dependence on z, divide row 7 by z + 7 for
0 < ¢ < n. This gives

(3.24) det(C{HY)) = (z), det(DEY),
where

(3.25) DY) =|(z+i+ Dj-1lo<icn, 1<j<n -
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To evaluate det(DS™Y)), subtract row ¢ — 1 from row i where 7 runs from n — 1 to
1 and expand along column 1. We obtain

1 z4+1 (z+4+1)2 ... (x4 1)p_

1 z+2 (z+2 con (TH+2)0
det(DEY)) = det | . ) ( ) )2 ( .)n '

1 z4n (z+n) ... (T+n0)n-1l,xn

(3.26) 1 z4+1 (z+1) ... (z+ 1)p-1
0 1 2z+42) ... (n=1)(z+2)p-2
=det| . . . .
0 1 2z+n) ... (n=1)(z+n)n-2l,x,

= (n = 1)!det(DEEHIY)),

Combining our results, we obtain

(3.27) det(Ci7) = (2)a [[ (s = Dy +n = )7
8$=2
Substituting (3.2) into (3.27) gives
A
(3.28) det(CA ) = (1= A=k J](s - D)2k + A — 5)tD.
s=2

The proof of Theorem 1 is now completed by observing that for k > 1 this is not 0.

4. Orthogonality. The left side of (2.15) is a polynomial in m of degree at
most n which vanishes for 0 < m < n. Hence

(4.1) f: (‘")"(":(;’)f Y= D ot m)i(z+ g+ m+i)ns = c(m + 1 n).
i=0 e

To evaluate ¢, we require the Chu-Vandermonde sum (see Bailey (7, §1.3]). It is

(4.2) Z (=n)i(b)i _ (c=b)n_

i!(c)s (¢)n

Equating coefficients of m™ in (4.1) gives

1=0

n

(4.3) C=Z(_n)i(n+x+y—l)i_(l—n—y)n.

o (z); B (T)n
Thus (4.1) becomes

n

> (_n)i(n;'r(;)fr =Dk g 4 )iz + g+ m o+ i)
(4.4) =0 o
- (:(Z)_Ty)"‘"’ +1-n)a.

This is equivalent to Saalschiitz’s sum (see Bailey [7, §2.2]). This is

= (=n)i(a)i(b)« _ (e—a)n(c—b)n
(4.5) Zz'(c),-(l+a+b—c—n),~ ()n(c—a—=0b),"

=0
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It is well-known that (4.5) gives the orthogonality (2.9) of the Jacobi polynomials.
For the parameters given in (3.2), we have
(1 - A= 2k))\ _ (2/6),\ _ ()\+ k)k

(4.6) I P > N ()

Thus (4.4) gives

A
FEC ] |
4.7) Zz'(1—/\ k): (I=A—k+m)(1-A+k+m+1)x
_Mm _
(k) (m+1=A)s.

Let [w]f denote the coefficient of w in the Laurent expansion of f where w is a
monomial. Observe that

k—1 k—1 —1
(-1) (-9)"=(%) (-7
k—12k—1 _ ;
(48) -(-3) 2 iz (1)
2k—1 _ 1 e
=2 meg ) -

This gives

s\ t\* ! s\k a (2k —1)!
(9 m(3) (1 - E) (-3 =V e
Using (4.7) and (4.9), we obtain

[1]s™2™sE ) (s:1) (1 - 2) (1 _ ;)k
A m—A+i k= s
S ()

=0

A
= (—/\)(_)_. m—A+1 (2k —1)!
(4.10) _zz 1 -A- A H (k—1+r—m—d)l(k—A+m+i)

(=)™ (2k — 1)!
(k+m)!i(k—1+4+X—m)!
(

A
Z%{((k)k_)( “A—k+m)(l-A+k+m+i)ri

(=)™ k-1 (A +k)k
Tk+m)k-14+X-m)! (k)
This gives the orthogonality

(m+l—/\),\.

k—1
t k
(11) (U™ AT™SE ) 0)(5,0) (1 - ;> (1 - f) =0, 0<m<A\
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The constant term is also trivially 0 when m < —k—1orm > A+ k. For m = ),
(4.10) gives the normalization

k—1
(412) QU5 0y () (1 - é) (1-9) = (/\/}i!-(l:v\ = 12;(:\ ; !k)!'

Let B»= (Hl,ﬂ% s ’/l"n)a K1 > M2 22 Hn > 0? be a pa'rtition' Goulden [8]
has shown that the Schur functions satisfy the orthogonality

(413) (st A(tr. .o ta)sh (%é) 11 (1 - :—) =x(A = p).

1<i<j<n J

This suggests
CONJECTURE 2.

1 1
[1]32,,\(t1,...,tn)sﬁ_"<—,... —)

ty "tn
(4.14) LNk
I1 < - t—’) (1 - ;’-) = x(A = #)gn
1<i<j<n : J
where
(4‘15) gz A= (_l)k(;‘) (’\i - ’\j + k(] _ z))k

A B ARG

This is known for n = 2 by (4.11) and (4.12) and for ¥ = 1 by Goulden’s result
(4.13). Thus (4.14) combines orthogonality relations for the Schur functions and
Jacobi polynomials.

5. A Schur function identity. It is well-known (see Stanley [16]) that the
Schur functions (1.5) satisfy (1.12). We extend this by the following theorem.

THEOREM 3. Letk>1, M > 0. Then

Z 2k + M\ —/\Q)M(l+,\l_,\2)k_lsk 5.0
(k)m(k—1)! 2,(A1,22) (5

(5.1)  MiZxa20
1 k
(1—st)(1—s)k+M(1 = t)k+M32(M,0)(

1-s,1-1¢).
PROOF. By (1.4), we have

(5.2) 85 aa) (3:) = (582255 (3, _x,.0)(8:2)-

Since the coefficient in (5.1) depends on A; — Az, we can carry out the sum with
respect to Ao using (5.2). Setting § = A1 — A2, the left side of (5.1) becomes

1 Z (2k +6)pm(1+6)k—1 &

(53) (1 _ St) (k)M(k _ 1)' 32,(6,0)(3s t)'

530
Expand s§ 5 0)(s,t) by (1.7) and set j = 6 — 7. This equals

Ly @k+i+ M +it5)es (=7)ik)i 4,

54 (1 - st) (k)m(k —1)! d=—i—j—ks

1,520
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Reversing (—¢ — j); and (1 — ¢ — j — k); by (3.12), we have

A+i+5)k-1(=t=5)i(k)i _ (1+0)k-1(1+7)k-1
(k= D41 —1—j—k) (k= 1D)(k-1)!

Using the Chu-Vandermonde sum (4.2) and (3.12), we obtain

-M M M)W (A
(5.6) g(_l)l(_r)i(A)'(B)M" = (B)u ;, zT(%"-%(-)T[),

(5.5)

(1-A-B-M)ym

=(B)m =(A+ B)m
(1-B-M)m
This is an equivalent formulation of (4.2). For A=k +14, B=k+ j, (5.6) gives
M
(5.7 (@i )ar = 31" TN ik 4 e
1=0
Observe that
1+4)k_ W (k=1+149) (k +1);
((k -Z)f)!1 (k4 ip =t k=1 = = (kg L,
(59 R ot aat = (kaa S,
_ (M (k) m
(k)aa—t = (k+M=1), = l)l(l—M-k),'
Substitute (5. 7) into (5 4) and simplify using (5.5) and (5.8). (5.4) becomes
(=M)i (k) (k+0); ;(k+M=1),
(59) < (1= M — b, Z;O T

Putting ¢ = —n/a: in the Chu-Vandermonde sum (4.2) and letting n tend to oo
gives the well-known binomial theorem

(5.10) E(”' .

(1-2z)’
120

valid if the left side terminates or |z| < 1. We may carry out the summations in
(5.9) with respect to ¢ and j. We find that (5.9) equals

3 M)i(k) 1
(5.11) (1= st) >0 N1-M—k) (1 I s)k+i(1 — t)ktM-1
= (1 - St)(l —_ 3)k+M(1 — t)k+M Sg,(M,O)

(1-s,1-1),
as required. [

6. A g-difference equation. Fix ¢ with 0 < ¢ < 1 and set
(a)o = (a;9)0 = 1,

m—1

@m = (@;q)m = [[(1-ag"), m>1,

(6.1) s

(@)oo = (a39)o0 = lim ( H(l—aq
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Following Jackson [11], we define the g-gamma function

(62) Tole) = (B (1 - )01~

and the g-integral
(63) | 10dt=at-9 3 e
Y n=0

A g-analogue of the beta integral (1.9) is given by
1
(6.4) / t(z=1) (9t)oo dot = Tq(z)Tq(y)
0

(@)oo ©  Tolz+y) "

This is equivalent to the well-known g-binomial theorem. See Askey [3].
Hahn [10] has shown that the polynomials

(6.5) e () = 3 0l
® ; (0)i(g®):

ntzty=1)).
(g ) (qt)’

are orthogonal with respect to the g-beta distribution (6.4). These are called the
little g-Jacobi polynomials. They satisfy the orthogonality relation

(6.6) /1 t™ oY (t)t=D ((qqt)) dgt = 0<m<n.
0

Using

(6.7) Fe(z+1) = ((ll:q;)) Tqe(z),

this becomes
n

(6.8) D aelEN (@) (*F™)i(g )i =0,  0<m<n,
1=0

where

Mg,
@@

The coefficients (6.9) are uniquely determined by the orthogonality (6.8) and the
normalization

(6.9) V(@) =¢

(6.10) €&V (0) = 1.
Recall [12] that
_ t;
e ate= ] @0 (e*E)  w-y)
1<i<j<n v/ (2k-1)

is a symmetric g-analogue of ]'[1<1 <n <n(t tj)2’° We have the symmetric measure

/ z-1) (qti)oo
(612) Maley, k) = ,Hlt( Tt AT
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In [12], we have a g-analogue of (1.1). It is

CONJECTURE 4. Let n > 2, k > 0. For each partition A = (A1, A2,...,An),
AL > A2 > - > A, > 0, there is a homogeneous symmetric polynomial qsfw\(t)

with leadlng term [, tM such that

/ / an A :L' Y, k)dqtl e dqtn

(6.13) = niglk( E-_ (=1 )+kz(;')+2k2(;>]
g H (n —3)k + X)Tq(y + (n —9)k)
ainA z+y+(2n—z—l)k+,\) ’
where
(6.14) fk'\ B 1_[ (qu+z\j+k(j—i))k
' qin,A —

—a)k
1<i<yi<n (1 Q)

We call these the g-Selberg polynomials.

Kadell [12] has shown that for k = 1, the g-Selberg polynomials are the Schur
functions

(6.15) aSna(t) = sy 5(t),

as happens (1.5) when ¢ = 1.
For n =2, we take \; = X, A =0, s =t;, t =t5. (6.13) and (6.14) become

11
‘/(;/0qsg,(A,O)(sat)qWé(za:%k)qudqt

kz (@T9)k Tg(2)Tq(z + k + ATy (y)Tq(y + k)
(1—q)* To(z+y+k)Te(z+y+2k+2)

(6.16)
= 2q

Observe that
(6.17) (s — g *t)(s — ¢*t) W5 (z, y, k) = Wj(z,y,k +1)

and

(1 _ qz+k+A+l)(1 _ qz+y+k) _ q’(l _ qA+k+l)(1 _ qy+k)

(6'18) = (1 _ qz)(l _ qz+y+2k+)«+1)‘
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Using (6.16), (6.17), and (6.18), we obtain
(6.19)

1 1

/0 /0 [qsg,(,\”,o)(s,t) —(s—q7*t)(s - ¢*t), 3’;*(',{ 0) (5,t)] W3 (2, y, k)dgsdgt
ke (@ 2) Tg(2)Tq(z + k + A+ 2)Tg(y)Tq(y + )

(1-g)k Telz+y+k)Tg(z+y+2k+r+2)
_ gqtkr0z @ ey To(@)g(@ + 4+ A + DTg(u)lq(y +k + 1)

(1-—q)k+! T z+y+k+ 1)l (z+y+2k+Ar+2)

kz (@PTF2) To(z)Tq(z +k+ A+ Dy (y)Ty(y + k)

(I—qk T(z+y+k+ 1) (z+y+2k+Ar+2)
. <(1 _ qz+k+A+1)(1 _ qx+y+k) . (1 _ q/\+k+l)(y + k))

:2q

=2q

1-g9-9g T i-ql-9
(q’\+k+2)k Loz +1)Tg(z+k+ A+ 1)Tg(y)Te(y + k)
(l—q)k Fq(z+y+k+l)Fq(z+y+2k+)\+1)'

(5.2) and (6.16) give

/ / st 32 (x0)(8:8) (W3 (2, y, k)dgs dgt
(6.20)

k(a+1) (@ F)e Dg(z + )Tg(z + k + A+ 1)Tq(y)Tq(y + k)
(1-g)F Tz +y+k+1)Te(z+y+2k+Ar+1) "

Comparing (6.19) and (6.20), we have
(6.21)

/ / 055 (ap2,0)(8:8) — (5 — g 7*t) (s — ¢¥1) qs',‘f“z; 0)(s,t)] Wa(z,y, k)dgsdgt

— 2qk1

=2q

e (@),
-1 (Q'\T/ / st ¢85 (x,0)(8:t) JW2(2,y, k)dgs dgt.

Equating integrands and rearranging gives
(q)‘+2k)23t 3’5 (A, o)(37 t)
=4q (Q'H'k) [ 5’;,(,\+2,0)(3’ t)—(s— q_kt)(s - qkt) qsg.ti o)(sa t)] .

A few computations suggest

(6.22)

THEOREM 5. Fork > 1,

A . .
oS5 oy (8:t) = Z (q_)i(-t;"\_‘k)i(q

By (6.5) this is
(6.24) 055 oy (5:) = 2 pl T (g TR yt), k> 1

Thus for n = 2, the g-Selberg polynomials are little g-Jacobi polynomials. Divide
both sides of (6.22) by (¢**2¥)2st**! and replace ¢g~*s/t by t. Using (6.24), (6.22)
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becomes
Ak 1
. E\l A k,2k)(t)= (Q/\+2k) qpf\+12 A— k2k)()
(6.25) (@F2), t
' (@1%)2 1 ( —A—k,2k42)
- S (1= - q*t) op ( )
(gA+2*)y ¢ q

7. A proof of Theorem 5. We mimic the proof of the case ¢ = 1. We may
show that (6.23) satisfies (6.22) and proceed by induction on k. We use (6.25)
rather than (6.22). By (3.1) and (6.15), we see that (6.23) holds for k = 1.

We now show that for k > 1, the right side of (6.25) is a polynomial of degree
at most A which satisfies the orthogonality (6.8) with the parameters given in (3.2)
and the normalization (6.10). Let a be an integer with Re(z +a) > 0 and b, ¢, be
nonnegative integers. Then

1
(1) / t™(t%(q" )b (g¥1)c gp{ETOYFOT) (g7 0t))t =) COES o g =0,
0 (9¥t)oo
0<m<n.
To see this observe that
16y (oo 4y _ (@ "o
(7.2) (' %t)s (vt)oo(q t)e = D

and that this vanishes when ¢t = q¥, 0 < v < b. The substitution ¢ = ¢®s, dot =
qbd,s, gives

(7.3) / f(g~bt)dyt = ¢ /f(sds,

in agreement with (6.3). The left side of (7.1) equals
¢ m (a:+a y+b+c)(,,—bs\(z+a—1) (q )oo
/0 ’ e

1
= qb(z+m+a) / s™ qpsla:+a,y+b+c)(3)s(:c+a+l) y&lb‘?so 255
(g 8)oo

(7.4)

which is 0 for 0 < m < n. Set
a+b+c+n

(15) @ 0slg e pEII @) = Y dTD, ()
i=a
The orthogonality (7.1) becomes
a+b+c+n ‘
(7.6) Z ds.z(i)b c)( )(qz+m+a)( ( z+y+m+l)(n+a+b+c—i) =0,
t=a

0<m<n.

Substituting (6.5) into (7.5), we see that both sides of (7.6) are rational functions
of ¢* and ¢Y. Setting

(7.7) z=1-A—-k, y=2k, n=X a=-1, b=c=1,
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in (7.6), we obtain
A+1

A—k2K) s A ~ .
(7.8) > ng\l,(—l,l,l) Y@@ F™) i) (@AY sy =0,

i=—1
0o<m<A
Using
(7.9) z=-A—-k, y=2k, n=X+2, a=-1, b=c=0,

we obtain
A+1

A—ki2K) 1A - ;
(7.10) ) qdf\.,.g,(_l,o),o)(i)(q I=A=ktm) ey (@A ) =0,

i=—1
0<m<A+2

If we replace m by m + 1 in (7.10), we obtain an orthogonality with the same
coefficients as in (7.8) which is valid for -1 < m < A+ 1. Let

A+1

(7.11) right side of (6.25) = Z 1e(D)t.
i=—1
Then we have
A+1 '
(7.12) Z qe(i)(q_'\_k+m)(i+1)(ql_k+k+m+')(,\+l_i) =0, 0<m< A
i=—1
Using
o 1-i
(7.13) (@) = (-ay'g® (L)),
we have, for k > 1,
- _
(7.14) gA-90-k) (9324(a")a—s = g1k (g71)i(g"): .
(@)a-i(g" ) (@R,

Thus qs’;,( A,o)(s’t) and hence the right side of (6.22) are both symmetric in s and
t. This gives

@) = g NE e(A—4), —1<i<A+1,

wo(~1) = ge(A+1) = 0.
By (7.15), the sum in (7.12) may be taken with ¢ running from 0 to A. Dividing by
(1 — g~ 2=*+m)(1 — ¢ +k+™)  we obtain

(7.15)

A
(7.16) Y e (g AT (@ T Ly =0, 0<m <A
i=0

Hence the right side of (6.25) is a polynomial of degree at most A which satisfies
the orthogonality relation (6.8) with the parameters given by (3.2). By (6.8), the
left side of (6.25) also satisfies (7.16). A simple computation
(@**)2 [ (1-¢*3)(-¢") (1-gNHA-g**)

(

- +1+¢%| =1
@72y, MU= =g %)~ (1-—q-g*F 1

gives the normalization (6.10).

(7.17)
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To complete the proof of Theorem 5, we must show that the system of equations
(1-A—k,2k)

7.16) and the normalization (7.17) uniquely determine ,p t). Substitut-
aP)
ing (6.10) into (6.8) gives a system of equations with coefficient matrix
(7.18) OV = @) (@) locicnryan
For 1 < s<n, set
(z,9) =‘ (Y) (5. 4 I
(7'19) an,s qcn,s (z’]) 0<i<n,1<j<n )
where ‘ o
120) ) = | (@+); (g Hv+H7+7=2), 5, 0<i<n, 1<) <s,
e (@**);, 0<i<nm, s<j<n
Then we have
(7.21) O = qu(:r'zy)-
Observe that
oy Iy (g

— (1 _ qy+n—3)(qa:+z)j(qz+y+1+1+n s+1)s_j_1.

Using (7.22), we may subtract ¢¥*"~* times column j +1 from column j and divide
by (1 — ¢g¥*t"~°) where j runs from 1 to s — 1. This gives

(7.23) det([CEY) = (1 - @+79) D det(,C7Y,), 2<s<n
To compute the determinant of
(z,y) _
(724) C i |(qz+‘¢)] |0<1<n l<_1<n L]
divide row ¢ by (1 — ¢**%) for 0 < ¢ < n. This gives
(7.25) det(;C1Y) = (¢)n det(( DY),
where
(7.26) qutz,y) — |v(q:0:+z+l)j_l logi<n,15]’5n )
We may use
(7.27) (@ )jo1 = (@ )jm1 = A= @) (@ )50

to subtract row 7 — 1 from row ¢ where ¢ runs from n — 1 to 1 and then expand
along column 1. We obtain

(7.28)

1 (l_q:t+1) (q:t+1) (qz+l) _
1 1-— qa:+2 qa:+2 . T+2

det(, DY) = det | . ( . ) ) )2 (@ .)
I 1=¢"*") (**)2 ... (€® )n-1lpxn
1 (1 _ qz+1) . (qa:+1 ne—1l
0 ¢**(1-q) ... ¢EM1-¢""1) (g )n-2

=det| . . .

0 ¢ 1-gq) ... ¢ H1=g" )@ )n-2lpxn

=q[1("—1)+(§')]( Jn—1 det(q D($+l,y)).
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Observe that

(7.29) oPa(z) = gF@+("3)+G)
satisfies
(7.30) oPn(z) = gzm=D+(2)] oPr1(z +1).
Combining our results, we obtain
n
(7.31)  det(,C¥)) = g=@+(3+®(g7),, T] (g)o-1(1 - gv+n=2)(s-1.
8=2

Substituting (3.2) into (7.31) gives
det(,C{1TA520)) = ([1=2=R(3)+(*31)+()]

(7.32 A
: (@ [ (@) s=1y (1 = gPFHA=2) (o1,

s=2

The proof of Theorem 5 is now completed by observing that for k£ > 1 this is not 0.

8. Epilogue. There are many measures dF(t) which provide g-analogues of
the beta integral (1.9) and for which there is a conjectured g-analogue of Selberg’s
integral. See Askey [4] and Rahman [14]. Kadell [13] and Habsieger [9] have
independently proven Conjecture 1 of Askey [4], which is based upon (6.4).

In [12], we were able to treat the case k = 1 by a method which seems to work
for many of these measures. We may obtain the same results by using the integral
representation

(8.1) Pn(t)=/--~/H(t,-—t) [T t-t)%dFt)- - dF(ts)
=1

1<i<j<n

of the polynomials {Py(t)|n > 0} which are orthogonal with respect to dF(t). See
Szego [17, (2.2.10)]. Aomoto [2] extends (8.1) for the beta distribution (1.9). A
g-analogue of this result for this measure (6.4) follows from Kadell’s g-analogue [13]
of (1.6).

Compare the analysis of §§6 and 7 with that of §§2 and 3. This suggests that
Theorem 1 (1.7) can be extended using the orthogonality of { P,,(¢)|n > 0}. Rahman
[14] uses a different method to treat the case n = 2 of his conjecture. See Askey and
Ismail [5], Askey and Wilson [6], and Andrews and Askey [1] for many orthogonal
polynomials.
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